This paper studies an inventory model for Weibull-distributed deterioration items with trapezoidal type demand rate, in which shortages are allowed and partially backlogging depends on the waiting time for the next replenishment. The inventory models starting with no shortage is are to be discussed, and an optimal inventory replenishment policy of the model is proposed. Finally, numerical examples are provided to illustrate the theoretical results, and a sensitivity analysis of the major parameters with respect to the optimal solution is also carried out.
Introduction
The effect of deteriorating for items cannot be disregarded in many inventory systems and it is a general phenomenon in real life. Deterioration is defined as any process that decreases the usefulness or the value of the original item, such as decay or physical depletion. For example, fruits, vegetables, or foodstuffs are subject to spoilage directly while being kept in store, and electronic products, radioactive substances, and photographic film deteriorate through a gradual loss of potential or utility with the passage of time.
Due to the variability in economic circumstances, the basic assumptions of the EOQ model should be constantly modified according to the studied inventory model. In recent years, many researchers have studied kinds of EOQ models for deteriorating items. Ghare and Schrader [1] established the classical no-shortage inventory model with a constant rate of decay. Wu et al. [2] studied an inventory model with a Weibull-distributed deteriorating rate for items and assumed the demand rate with a continuous function of time. Wee [3] developed an inventory model with quantity discount, pricing, and partial backordering when the product in stock deteriorates with time. Related literature also includes Skouri and Papachristos [4] , Wee [5] , and Dye et al. [6] .
practically, the demand rate of deterioration items is impossible to increase continuously all the time. Hill [7] proposed an inventory model with ramp type demand rate. Mandal and Pal [8] extended the inventory model with ramp type demand for deterioration items and allowed shortage. Wu [9] considered an inventory model with Weibull distribution deterioration and ramp type demand rate in which shortages are allowed and the backlogging rate is dependent on waiting time. Giri et al. [10] extended the ramp type demand inventory model with a more generalized Weibull deterioration distribution. Manna and Chaudhuri [11] developed an inventory model for time-dependent deteriorating items with ramp type demand rate. Skouri et al. [12] considered an inventory model with general ramp type demand rate, partial backlogging, and Weibull deterioration rate. Hung [13] extended their inventory model from ramp type demand rate and Weibull deterioration rate to arbitrary demand rate and arbitrary deterioration rate. Kumar et al. [14] studied fuzzy EOQ models with ramp type demand rate, partial backlogging, and time-dependent deterioration rat. Cheng et al. [15] considered an inventory model for time-dependent deteriorating items with trapezoidal type demand rate and partial backlogging. Uthayakumar and Rameswari [16] studied an inventory model for defective items with trapezoidal type demand rate to determine the optimal product reliability. Tan and Weng [17] considered a discrete-in-time inventory model for deteriorating items with partially backlogged. Ahmed et al. [18] proposed a method for 2 Journal of Applied Mathematics finding the economic order quantity for an inventory model with ramp type demand rate, partial backlogging, and general deterioration rate. Lin [19] explored the inventory model with a general demand rate in which both the Weibull-distributed deterioration and partial backlogging are considered.
In the above mentioned research, one of assumptions was considered: the ramp type demand rate, partial backlogging, and Weibull-distributed deterioration rate. However, for fashionable commodities, high-tech products, and other short life cycle products, the demand rate should increase with the time up to certain point at first stage then reach a stabilized period and finally the demand rate decrease to zero and the products retreat from market in their product life cycle, that is, the demand rate with continuous trapezoidal function of time. On the other hand, in many real situations, customers encountering shortages will respond differently. Some customers are willing to wait until the next replenishment, while others may be impatient and go elsewhere as waiting time increases; that is, the willingness for a customer to wait for backlogging is diminishing with the length of the waiting time. In this paper, we consider an inventory model with Weibull-distributed deterioration items, trapezoidal type demand rate, and time-dependent partial backlogging. By analyzing the inventory model, a useful inventory replenishment policy is proposed. Finally, numerical examples are provided to illustrate the theoretical results, and a sensitivity analysis of the optimal solution with respect to major parameters is also carried out.
The rest of the paper is organized as follows. Section 2 describes the notation and assumptions used throughout this paper. Section 3 analyzes the inventory model, and some numerical examples to illustrate the solution procedure are provided. Sensitivity analysis of the major parameters is also carried out in Section 4, and the final Section concludes this paper.
Notations and Assumptions
The fundamental notations and assumptions used in inventory model and considered in this paper are given as below. (xiii) ( 1 ) the average total cost per unit time.
(xiv) The demand rate, ( ), which is positive and consecutive, is assumed to be a trapezoidal type function of time; that is,
where 1 is time point changing from the increasing demand function ( ) to constant demand 0 , and 2 is time point changing from the constant demand 0 to the decreasing demand function ( ). (xv) The replenishment rate is infinite; that is, replenishment is instantaneous. (xvi) The deterioration rate of the item is defined as Weibull ( , ); that is the deterioration rate is ( ) = −1 ( > 0, > 0, > 0).
(xvii) Shortages are allowed and they adopt the notation used in Abad [20] , where the unsatisfied demand is backlogged and the fraction of shortages backordered is − , where is the waiting time up to the next replenishment. We also assume that − is an increasing function, which had appeared in Skouri et al. [12] . (xviii) The time horizon of the inventory model is finite.
Model Formulation
In this section, we consider an inventory model starting with no shortage. The behavior of the model during a given cycle is depicted in Figure 1 . Replenishment occurs at time = 0 and the inventory level attains its maximum. From = 0 to 1 , the inventory level reduces due to demand and deterioration. At 1 , the inventory level achieves zero, then shortage is allowed to occur during the time interval ( 1 , ), and all of the demand during the shortage period ( 1 , ) is partially backlogged. According to the notations and assumptions mentioned above, the behavior of the model at any time can be described by the following differential equations:
with boundary conditions (0) = , ( 1 ) = 0.
In the following, we consider three possible cases based on the values of 1 , 1 , and 2 . These three cases are shown.
Case 1 (0 < 1 ≤ 1 ). Due to the deteriorating and trapezoidal type demand rate, the inventory level gradually diminishes during the time interval [0, 1 ] and ultimately falls to zero at time 1 . Thus, from (2), we have
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The maximum inventory level per cycle is
Then, the total number of deteriorated items in the
The total number of inventory carried during the interval
The total shortage quantity during the interval
The total of lost sales during the interval Journal of Applied Mathematics Therefore, the average total cost per unit time under the condition 1 ≤ 1 can be given by
Case 2 ( 1 ≤ 1 ≤ 2 ). The differential equations governing the inventory model can be expressed as follows:
Solving the differential equation (11) with ( 1 ) = 0, we have
The beginning inventory level can be computed as
The total number of items which perish in the interval
The total of lost sales during the interval
Therefore, the average total cost per unit time under the condition 1 ≤ 1 ≤ 2 can be given by
Case 3 ( 2 ≤ 1 < ). The differential equations governing the inventory model can be expressed as follows:
Solving the differential equation (19) with ( 1 ) = 0, we have
Therefore, the average total cost per unit time under the condition 2 ≤ 1 ≤ can be given by
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From the above analysis, we obtain that the total average cost of the model over the time interval [0, ] is
where 1 ( 1 ), 2 ( 1 ), and 3 ( 1 ) are obtained from (10), (18) , and (26), respectively. In the following, we will provide the results which ensure the existence of a unique 1 , say * 1 , so as to minimize the total average cost for the model system starting with no shortages.
If 0 < 1 ≤ 1 , taking the first-order derivative of 1 ( 1 ) with respect to 1 , we obtain
where
then we can obtain ℎ(0) < 0 and ℎ( ) > 0. By using the assumption ( − is an increasing function, where is the waiting time up to the next replenishment), we have
which implies that ℎ( 1 ) is a strictly monotone increasing function. Therefore, the equation
has a unique root * 1 ∈ (0, ) obtained by using Mathematica 9.0. Further, * 1 is the only zero-point of 1 ( 1 )/ 1 = 0 since ( 1 ) > 0.
If 0 < * 1 ≤ 1 , for this * 1 , we have
which means that the total average cost 1 ( 1 ) can obtain its minimum value at * 1 . The optimal value of the order level,
and the optimal order quantity * is * = * + ∫ If 1 < 1 ≤ 2 , taking the first-order and second-order derivative of 2 ( 1 ) with respect to 1 , respectively, we obtain 
where the function ℎ( 1 ) is given by (31), and (36) implies that 2 ( 1 ) is a strictly convex function in 1 and obtained its minimum value at * 1 . Therefore, the equation ℎ( 1 ) = 0 has a unique root * 1 in (0, ). The optimal value of the order level, = (0), is * = ∫
and the optimal order quantity * is * = * + ∫ 2 * 1 
The function ℎ( 1 ) is given by (31), and (40) implies that 3 ( 1 ) can obtain its minimum value at * 1 . The optimal value of the order level,
and the optimal order quantity * is * = * + ∫ * 1
If * 1 ≤ 2 , then the optimal value of 3 ( 1 ) is obtained at * 1 = 2 . The above analysis shows that the three average cost functions 1 ( 1 ), 2 ( 2 ), and 3 ( 1 ) can obtain their minimum value at * 1 ∈ (0, ) which is determined by (31). Therefore, based on the results analyzed above, this paper derives a procedure to locate the optimal replenishment policy starting with no shortage for the three cases. The procedure is as follows.
Step 1. Solve * 1 from (31).
Step 2. Compare * 1 to 1 and 2 , respectively.
Step 2.1. If * 1 ∈ (0, 1 ], then the optimal total average cost and the optimal order quantity can be obtained by (10) and (34), respectively.
Step 2.2. If * 1 ∈ ( 1 , 2 ] , then the optimal total average cost and the optimal order quantity can be obtained by (18) and (38), respectively.
Step 2.3. If * 1 ∈ ( 2 , ], then the optimal total average cost and the optimal order quantity can be obtained by (26) and (42), respectively.
Remark 1.
In such considered inventory model starting with no shortage, if 1 satisfies 1 < 1 ≤ < 2 , the considered inventory model reduces to that of Skouri et al. [12] .
Numerical Example
In order to demonstrate the above procedure which can be applied to obtain the optimal solution of the model, this In order to clearly indicate the effects of parameters such as , , , 1 , 2 , 3 , and 4 on the optimal on-hand inventory * , the optimal ordering quantity * , and the optimal total cost ( * 1 ), respectively, the paper will study the sensitivity of the optimal solution to changes in the value of different parameter associated with the studied inventory model. The sensitivity analysis is performed on the base of Example 1, and the results are shown in Table 1-7. By studying the results of Table 1 , it is found that the shortage time * 1 , inventory level * , order quantity * , and the total average cost ( * 1 ) gradually decrease as the shortage parameter increases for the model, respectively. We also find that the percentage increase of from 14.3% to 100% causes ( * 1 ) to decrease from 0.45% to 0.34%, * decrease from 0.75% to 0.52%, * 1 decrease from 0.78% to 0.53%, and * decrease from 1.02% to 0.69%. It is also observed that the value of * 1 , * , * , and ( * 1 ) all are lowly sensitive to the changes of for the considered inventory model.
By studying the results of 3 for the inventory models; that is, 3 increases from 1.9% to 3.2%, the change of all the parameters is no more than 1%.
By studying the results of 4 for the inventory models; that is, 4 increases from 14.3% to 100%, the change of all the parameters is no more than 1%.
Conclusion
An inventory model starting without shortage for Weibulldistributed deterioration with trapezoidal type demand rate and partial backlogging is considered in this paper. The optimal replenishment policy for the inventory model is proposed, and numerical examples are provided to illustrate the theoretical results. A sensitivity analysis of the optimal solution with respect to major parameters is also carried out. From Table 1 -7, it can be found that the shortage time point * 1 , order quantity * , and the total average cost ( * 1 ) are moderately sensitive to the changes of and and lowly sensitive to the changes of , ( = 1, 2, 3, 4) , respectively. The paper provides an interesting topic for further study, such that the joint influence from some of these parameters may be investigated to show the effects; the model starting with shortage will be studied and other types of models for deteriorating items in supply chain situation are also to be studied in the future.
Conflict of Interests
The author declares that there is no conflict of interests regarding the publication of this paper.
